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ABSTRACT
We perform dynamical fits to the Transit Timing Variations (TTVs) of Kepler-419b.
The TTVs from 17 Kepler quarters are obtained from Holczer et al. (2016, ApJS 225,
9). The dynamical fits are performed using the MultiNest Bayesian inference tool,
coupled to an efficient symplectic N-body integrator. We find that the existing TTV
data alone are able to uniquely constrain the planetary masses of Kepler-419b and
c. Our estimates are in a good agreement with previous mass determinations that
combined different techniques and observations, such as TTVs, radial velocity mea-
surements, and the photoeccentric effect. As expected, however, our mass estimates
have larger uncertainty. We study the global stability of the system within the pa-
rameters uncertainties to discard possible unstable solutions. We conclude that our
method applied to the Holczer et al. data can provide reliable determinations of the
planetary parameters. In the fore-coming work, we will use Holczer et al. 2016 data
to determine planetary parameters for a large set of Kepler systems.
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1 INTRODUCTION
One of the most important goals in exoplanetary science is
to characterize the masses and radii of the planets. In gen-
eral, these parameters are difficult to obtain at once using
a single observational method. For example, transit light
curves allow us to directly determine the planetary radii,
but not the masses. On the other hand, radial velocity (RV)
measurements allow us to constrain the planetary masses,
but not the radii. Therefore, it is often necessary to com-
bine different observational methods to get a more complete
characterization of planet properties. However, while transit
light curves are available for a large set of stars observed by
the Kepler mission, RV measurements are only available for
a small sample of Kepler stars. This highlights the impor-
tance of the Transit Timing Variation (TTV) method.
TTVs are deviations of the individual transit times of
a planet from a linear ephemeris. They are often caused by
planetary companions that gravitationally interact with the
transiting planet (e.g. Agol et al. 2005; Holman & Murray
2005). The TTV method explores the dynamics of the plan-
etary system letting us constrain the masses and orbits of
the transiting planets (e.g. Holman et al. 2010). It may also
lead to detect and characterize non transiting planets in a
system where at least one planet is transiting (e.g. Ballard
? E-mail: ximena@on.br
et al. 2011; Nesvorny´ et al. 2012, 2013). This is also the case
of the Kepler-419 system.
Borucki et al. (2011) determined that Kepler-419 is a
K star with a mass of ' 1.23M, and identified transits of
a planet candidate that received the provisional designation
KOI-1474.01. Later analysis by Dawson et al. (2012) showed
a low false-positive rate expectations and led to estimate a
planetary radius of 10.8 R⊕, and an orbital period of P =
69.7 days. The planetary eccentricity was also constrained
to be very large from the photoeccentric effect1. Dawson
et al. (2012) also pointed out that the light curves of KOI-
1474.01 display large TTVs, probably due to the presence of
another non transiting planet, but they did not have enough
TTVs observations to properly characterize it.
Later on, Dawson et al. (2014) extended the study
of Kepler-419 by including new RV measurements, which
confirmed the planetary nature of KOI-1474.01, then re-
named as Kepler-419b. With these new observations, the
authors improved the estimates of the stellar parameters,
finding a stellar mass of 1.22+0.12−0.08 M, and a stellar radius
1 The photoeccentric effect derives the orbital eccentricity of in-
dividual transiting planets based on the shape of the light curve
and the transit duration. It takes advantage of the difference be-
tween the stellar density derived from spectroscopic observations
and the stellar density inferred assuming a light curve produced
by a planet in a circular orbit (Dawson & Johnson 2012).
© 2018 The Authors
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of 1.4+0.37−0.21 R. In order to obtain the planetary parameters,
Dawson et al. (2014) first analyzed the TTVs and the RV
data separately, and concluded that RVs can be used to
constrain the mass of the transiting planet, Kepler-419b,
while TTVs can be used to determine the mass of the non-
transiting planet, Kepler-419c. Then, combining the avail-
able data, they fully characterized the system, confirming
the very eccentric nature of Kepler-419b’s orbit (eb ' 0.81),
its mass (Mb ' 2.5MJup), and the mass of Kepler-419c
(Mc ' 7.3MJup).
Recently, Almenara et al. (2018) extended the study of
Dawson et al. (2012, 2014) by considering all available Ke-
pler observations, as well as new RV measurements. They ap-
plied a photo-dynamical model to fit the transit light curves
simultaneously with the RV curves, and obtained a full set
of parameters for the two planets and the star. In particular,
they estimated larger values of the stellar mass and radius
(1.39± 0.48M and 1.80± 0.22 R), but similar values of the
planetary masses (Mb = 2.71±0.66MJup, Mc = 7.4±2.6MJup).
Almenara et al. (2018) also showed that TTVs alone could
better constrain the mass of Kepler-419b, provided that ad-
ditional transits were measured.
In this work, we use Kepler-419 mid-transit times re-
ported by Holczer et al. (2016b). We apply a Bayesian in-
ference method to fit this data to a two-planet dynamical
model. Our main goal is to use the Kepler-419 system as
a test case to show that very good estimates of the plan-
etary masses can be obtained by combining the Holczer’s
observed mid-transit times data set with the right statis-
tical tool. This is of major relevance since Holczer et al.
(2016a) catalog provides TTVs measurements for hundreds
of Kepler systems for which RV observations are still not
expected to be available in the near future. We also address
the dynamics of the Kepler-419 system by analyzing the or-
bital behavior of the best fit solutions, and discuss how this
poses constraints on the estimated parameters.
This paper is organized as follows: in Sect. 2 we describe
our methodology. The results are presented in Sect. 3. Sect. 4
is devoted to the dynamical analysis. Finally, in Sect. 5, we
discuss our results in the light of those of Almenara et al.
(2018), and present our conclusions.
2 METHODOLOGY
Our method is based on fitting the mid-transit times ob-
served to a two-planet dynamical model with 12 free pa-
rameters. The dynamics of the system is simulated with the
Swift N-body code (Levison & Duncan 1994), which has
been modified to determine the mid-transit times (Nesvorny´
et al. 2013; Deck et al. 2014). The parameter estimation
is done with the Bayesian inference tool MultiNest (Feroz
et al. 2009, 2013), adopting a Gaussian likelihood function.
The code also provides the so-called Bayesian evidence of
the fit, Z, which allows us to perform model/solution selec-
tion. A detailed description of the method is presented in
Saad-Olivera et al. (2017). It is worth mentioning that it
is better to fit mid-transit times than TTVs, because the
former are directly measured from the lightcurve (or calcu-
lated from the dynamical model), while the latter have to be
inferred through an intermediate fit to a linear ephemeris,
which may constitute an additional source of error.
Table 1. Prior distributions of 12 parameters of our model. [x, y]
is a uniform distribution between x and y. Indices b and c refer
to each of the two planets, index p refers to any of the planets.
Parameter Prior values
Mb/M? [0.001, 0.004]
Mc/M? [0.003, 0.009]
Pb (d) [69.5, 70.0]
Pc (d) [600, 800]
eb [0.8, 0.95]
ec [0, 0.3]
bc [1, 20]
$p (
◦) [0, 360]
λc (
◦) [0, 360]
Ωc −Ωb (◦) [0, 360]
δt (d) [0, 0.06]
The 12 free parameters of the fit are the: planet-to-star
mass ratios (Mb/M?, Mc/M?), the orbital periods (Pb, Pc),
the eccentricities (eb, ec), the longitudes of periastron ($b,
$c), the mean longitude (λc) and impact parameter (bc) of
the non-transiting planet, the difference in nodal longitudes
(Ωc − Ωb), and time lapse (δt) between the reference epoch
(τ = 2 454 959.3 BJD) and the closest transit of Kepler-419b.
This latter parameter is related to the mean longitude of
Kepler-419b, λb, at the reference epoch.
The impact parameter of the transiting planet (bb) is
initially set to b = 0.26 determined from the transit light
curve fit (Dawson et al. 2012). We use a transit reference
system where the x-axis is oriented towards the observer
and the nodal longitude of the transiting planet is fixed to
Ωb = 270◦ (e.g. Nesvorny´ et al. 2012). The radius and mass
of the star are also fixed, assuming two possible values: the
Dawson et al. (2012) values (R? = 1.4 R, M? = 1.22M),
and the Almenara et al. (2018) values (R? = 1.8 R, M? =
1.39M). For all the 12 model parameters, we consider uni-
form priors within the ranges listed in Table 1. These priors
have been informed from the previously known information
of the system (Dawson et al. 2012, 2014; Almenara et al.
2018).
Orbital configurations with transits of Kepler-419c are
excluded (i.e b > 1), since no such transits have been iden-
tified in the Kepler data.
3 RESULTS
Holczer et al. (2016a) provide information about 20 transits
for Kepler-419b, between BJD 2 454 959 and 2 456 424. It is
worth noting that Holczer’s catalog lists the TTVs, their
associated errors, and the expected mid-transit times from
the linear ephemeris. These latter correspond to an average
period of Pb = 69.72787813 days. So in order to work with
the observed mid-transit times we must consider the sum
between the expected mid-transit times and the TTVs listed
in Table 3 of the referred catalog.
Assuming a star with 1.4 R and 1.22M from Daw-
son et al. (2012), and applying MultiNest to the observed
MNRAS 000, 1–7 (2018)
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Figure 1. Equally weighted posterior distributions of the 12 parameters of our model (diagonal), and the corresponding correlations
between the parameters, for the fit presented in Table 2.
mid-transit times, we obtain three possible fits for the model
parameters. However, only one of them has a positive value
of the logarithm of the Bayesian evidence, ln(Z) = 75.7, im-
plying that MultiNest converged to a unique solution. Ta-
ble 2 reports the values of this solution, estimated from the
weighted posteriors provided by MultiNest. The distribu-
tions of the solution posteriors, and their correlations, are
shown in Fig. 1. The TTVs from Holczer’s catalog (blue
dots), and the corresponding best fit (solid blue line), are
shown in Fig. 2.
The dynamical fit allow us to derived other important
physical and orbital planetary parameters (see third part of
Table 2). The uncertainties given there are realistic uncer-
tainties obtained by combining those of the stellar parame-
teres and dynamical fit. For example if we do not consider
the uncertainties in the stellar parameters the semi-major
axis error bars are of order of ×10−4 and ×10−5 for each
planet.
The non-transiting planet is found to have a mass of
Mc ' 6.5MJup, a semi-major axis ac ' 1.64 au, and a
moderate eccentricity ec ' 0.16. The transiting planet has
Mb ' 3.3MJup, ab ' 0.35 au, and a very high orbital eccen-
MNRAS 000, 1–7 (2018)
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Figure 2. TTVs reported by Holczer et al. (2016b,a) (blue dots
with error bars), and the corresponding best fit presented in Ta-
ble 2 (blue line). For comparison, we show the TTVs reported by
Dawson et al. (2014) using the emcee package (orange dots with
error bars), together with the corresponding best fit obtained in
this work (orange dashed line).
Table 2. Parameters estimated from the best fit to the mid-
transit times observed of Holczer et al. (2016b), and their un-
certainties, assuming the stellar parameters provided by Dawson
et al. (2012). The orbital parameters are the osculating astrocen-
tric elements at epoch BJD 2 454 959.3. The error bars reported
for the dynamical fit parameters in are the standard 68.3% confi-
dence uncertainties. The second block reports the derived param-
eters; ip is the orbital inclination with respect to the sky plane at
transit (cos ip = bpR?/rp); Ip is the inclination of the orbit with
respect to the transit plane (i.e. the plane where b = 0); Imut is
the mutual orbital inclination of the orbits.
Kepler-419 (Dawson et al. 2012)
M? (M) 1.22+0.12−0.08
R? (R) 1.4+0.37−0.21
Kepler-419b Kepler-419c
Dynamical fit
Mp/M? (×10−3) 2.54+0.95−1.01 5.06+0.08−0.15
Pp (d) 69.732+0.001−0.001 694.3
+10.1
−8.6
ep 0.82+0.03−0.01 0.162
+0.009
−0.008
bp 0.2+0.1−0.2 10.0
+6.3
−5.9
$p (
◦) 348+21−14 165
+19
−13
λp (
◦) – 59+20−13
Ωp (
◦) 270 268+142−137
δt (d) 0.028+0.002−0.001 –
Derived parameters
Mp (MJup) 3.3+1.3−1.2 6.5
+0.6
−0.5
ap (au) 0.3545+0.0014−0.0009 1.64
+0.14
−0.09
ip (
◦) 89.7+0.6−0.8 87.71
+1.3
−1.2
Ip (
◦) 1.5+0.7−0.9 1.9
+1.3
−1.2
Imut (◦) – 0.5+1.5−0.5
Rp (RJup) 0.8+0.2−0.1 –
ρp (g cm
−3) 6.8+6.0−3.8 –
Table 3. Parameters estimated from the best fit to the mid-
transit times observed of Holczer et al. (2016b), and their uncer-
tainties, assuming the stellar parameters provided by Almenara
et al. (2018). See Table 2 for explanation.
Kepler-419 (Almenara et al. 2018)
M? (M) 1.39+0.48−0.48
R? (R) 1.8+0.2−0.2
Kepler-419b Kepler-419c
Dynamical fit
Mp/M? (×10−3) 2.60+0.89−1.00 5.07+0.08−0.14
Pp (d) 69.7332+0.001−0.001 694.7
+10.1
−8.6
ep 0.82+0.02−0.01 0.162
+0.009
−0.007
bp 0.26+0.11−0.15 8.9
+6.3
−5.1
$p (
◦) 346+24−12 163
+22
−12
λp (
◦) – 58+22−11
Ωp (
◦) 270 264+143−135
δt (d) 0.028+0.001−0.001 –
Derived parameters
Mp (MJup) 3.8+1.8−1.9 7.4
+2.5
−2.6
ap (au) 0.370+0.005−0.005 1.71
+0.58
−0.58
ip (
◦) 88.1+0.8−1.0 87.8
+2.1
−2.0
Ip (
◦) 1.8+0.8−1.1 2.1
+1.7
−1.4
Imut (◦) – 0.4+3.3−0.4
Rp (RJup) 1.1+0.1−0.1 –
ρp (g cm
−3) 3.7+2.3−2.7 –
tricity, eb ' 0.82, as expected. The two planets are close
to the 10:1 mean motion resonance, with a period ratio
Pc/Pb ' 9.95, and according to the period uncertainties,
they might actually be trapped in this resonance. The or-
bits are very nearly coplanar, with a mutual inclination of
' 0.5◦.
Next, assuming a star with 1.8 R and 1.39M from Al-
menara et al. (2018), and applying again MultiNest to the
observed mid-transit times calculated from Holczer et al.
(2016a), we obtain two possible fits for the model parame-
ters, but only one has a positive value of the logarithm of
the evidence, ln(Z) = 75.6. Table 3 reports the values of this
solution, estimated from the weighted posteriors provided
by MultiNest.
This solution provides similar values of the fit param-
eters to the previous ones. Small differences arise in the
masses and semi-major axes: Mc ' 7.4MJup, ac ' 1.71 au,
and Mb ' 3.8MJup, ab ' 0.37 au.
The nodal longitue determination of Ωc mainly influ-
ences the constraint of the planetary orbital mutual inclina-
tion (Imut). As we can see in Tables 2 and 3, we characterize
the nodal longitude with larger uncertainties and this reflects
on the bigger mutual inclination uncertainties. We find that
Imut is smaller than 3.7◦ (1 − σ uncertainty).
Comparing the 1-σ error bars of the parameters pre-
sented in the both cases analyzed here we can see how the
uncertainties of stellar parameters affect the uncertainties of
the derived parameters. Almenara’s larger stellar parameters
uncertainties results in larger uncertainties of the planetary
MNRAS 000, 1–7 (2018)
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masses. Beyond this we conclude that both solutions are in-
distinguishable to within the error bars. Moreover, both so-
lutions have similar values of the Bayesian evidence, imply-
ing that MultiNest does not allow us to prefer any solution
over the other.
We then conclude that, independently of the stellar pa-
rameters, we can robustly estimate the mass ratio Mp/M?.
On the other hand, the stellar mass value is relevant in the
planetary mass determination and might be also relevant to
assess the long term stability of the system. We will discuss
this possibility in the following section.
In order to verify to what extent the mid-transit times
data set may introduce any significant bias in the dynami-
cal fit we consider Dawson et al. (2014) data. The authors
analyzed the light curve of the Kepler-419 system and deter-
mined the mid-transit times of Kepler-419b using two differ-
ent tools: the TAP software (Transit Analysis Package; Gazak
et al. 2012), and the emcee package (Foreman-Mackey et al.
2013). Here we apply to the emcee data the same methodol-
ogy described in Sect. 2. We find best fit parameters that are
indistinguishable of those presented in Tables 2 and 3 within
their 1-σ errors, but interestingly, they show larger values
of the evidence: ln(Z) = 92.17 assuming Dawson’s stellar pa-
rameters, and ln(Z) = 92.01 assuming Almenara’s stellar pa-
rameters. This may be due to a more careful treatment of
the light curve fit by Dawson et al. (2014) compared to that
of Holczer et al. (2016b). However, we find that the TTVs
from both Holczer and Dawson agree to within their 1-σ
confidence levels (blue and orange dots in Fig. 2), and the
only difference between the two data sets is that Dawson
et al. (2014) reported the transit time of one extra cycle.
4 DYNAMICS OF THE KEPLER-419 SYSTEM
The very high eccentricity of Kepler-419b, the wide range of
possible mass values estimated for this planet, and the prox-
imity of the planets pair to a mean motion resonance, raises
the question about the long term stability of this planetary
system. Almenara et al. (2018) showed that, for the nomi-
nal orbits estimated with their photo-dynamical model, the
Kepler-419 system is close to a high eccentricity stable equi-
librium point in the (eb, $b − $c) plane. Here, we explore
the dynamics of the system using dynamical maps that span
the main uncertainty intervals in the parameters Mb and ac .
We choose these parameters because they are not as tightly
constrained as the other parameters.
The maps have been constructed by computing several
stability/chaos indicators over a grid of 128×32 initial condi-
tions. The grids span the interval ±15 days and ±0.1 around
the best fit values of Pc and ec . The other orbital elements
of the planets are fixed to their best fit values. For each of
the solutions presented in Tables 2 and 3, we compute three
different grids, assuming three different values of the mass
Mb: one corresponding to the best fit value, and two corre-
sponding to the ±1-σ error. It is worth noting that, since
Mb and Pc are strongly correlated (see Fig. 1), some com-
binations of Mb and ac are outside the 1 − σ region of their
joint distribution, and therefore they are missing in our dy-
namical analisys. The mass of Mc is always fixed to its best
fit value. Each initial condition has been simulated over a
time span of 5 × 106 days, with a time step of 0.2 days, us-
ing a version of the Swifter_helio module, that is part of
the Swifter N-body software package (Kaufmann and Lev-
ison, www.boulder.swri.edu/swifter/). This module has
been translated into CUDA-C to run on a GPU architec-
ture, which allows us to obtain the maps in only a couple of
hours of the computational time (Costa de Souza et al., in
preparation).
Figure 3 shows the grids corresponding to the maxi-
mum eccentricity index (MEI), which is simply the maxi-
mum value of the eccentricity that Kepler-419c attains dur-
ing the simulation time span. This index is straightforward
to compute and provides valuable information about the
structure of the phase space, easily identifying regions of
stability and chaos.
Comparing the panels on the left of Fig. 3 to those on
the right, we conclude that the global dynamical behavior of
the system is independent of the assumed stellar parameters.
On the other hand, the behavior is strongly dependent on the
mass of Kepler-419b. Indeed, the larger the mass Mb (top-
to-bottom panels), the more unstable the system becomes.
Black cells in Fig. 3 indicate initial conditions that led to
encounters between the planets within a mutual distance
r < RHill
b
+ RHillc , or to an astrocentric distance rp < 2R?
or rp > 10 au, or to a pericenter distance qp < 2R?. The
corresponding orbits are unstable.
In Fig. 4, we show the orbital evolution of the planets
over 6 × 107 days, corresponding to the best fit values from
Table 2. We have verified that the behavior is the same over
a longer time span of 1 Myr. This evolution has been simu-
lated using the Symba N-body integrator, and considering a
0.2 day time step. We can see that the eccentricities oscil-
late in opposed phases with very large amplitudes. The same
behaviour is observed in the inclinations, although these dis-
play smaller amplitudes. In both cases, the opposed phases
are related to the conservation of angular momentum of the
system. The horizontal dotted lines in the inclinations panel
correspond to the inclination value below which the planet
will transit the star. Kepler-419b will always display tran-
sits, while Kepler-419c will not (at least for the nominal
solution).
5 DISCUSSION AND CONCLUSIONS
We compare our best fit parameters of the system to those
reported by Almenara et al. (2018), to find that they are in-
distinguishable within their 1-σ uncertainties. The exception
are the angles λp, $p and Ωp, that are not directly compara-
ble due to the use of different reference systems. The major
difference between Almenara’s fit and our fit (Table 3) is
in the estimated mass of Kepler-419b. The value of Alme-
nara et al. (2018) is Mb/M? = (1.86 ± 0.25) × 10−3, which is
close to the lower boundary of the value determined in this
work: Mb/M? = (2.60+0.89−1.00) × 10−3. The value of Almenara
is also much better constrained, which is expected from the
combined use of TTVs and RVs. Almenara’s solution would
produce a dynamical map that resembles the upper right
panel of Fig. 3. Also, the best fit solution of Almenara et al.
(2018) displays a similar behavior as the one shown in Fig. 4,
but the planet eccentricities have more bounded amplitudes.
MNRAS 000, 1–7 (2018)
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Figure 3. Dynamical maps of the Maximum Eccentricity Index, computed for Kepler-419c. Left column panels correspond to the
parameters of Table 2, right column panels correspond to the parameters of Table 3. Each row corresponds to different values of the
mass Mb , from the smallest (top) to the largest (bottom) value within the 1-σ uncertainties. The best fit parameters of Kepler-419c
are indicated by the black dot at the center of the grid. Blue/cyan regions indicate stable motion. Black cells denote unstable initial
conditions that either led to a close encounter between the bodies (planet-planet or planet-star), or to the ejection of a planet (see text).
This is related to the smaller mass ratio of Kepler-419b es-
timated by those authors.
Our main conclusion is that, although the use of TTVs
together with RVs certainly helps to improve and constrain
the parameters of a multiplanetary system, the use alone of
a large number of TTVs, with a high sinal to noise ratio, is
still capable to provide quite confident and robust estimates
of the parameters, as we can see in this work. This implies
that we can exploit the availability of the large database of
TTVs of Holczer et al. (2016b) to characterize many plan-
MNRAS 000, 1–7 (2018)
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Figure 4. Dynamical evolution of the Kepler-419 planets, taking the parameters given in Table 2 as initial conditions. Left panels show
the evolution of the semi-major axis of planet b (top) and planet c (bottom). The right panels show the evolution of eccentricity (top)
and inclination (bottom) of the orbits of planet b (in red) and planet c (in blue). The dotted horizontal lines in the inclination panel
correspond to the critical inclination below which it is possible to observe transits.
etary systems around faint Kepler stars, for which the RVs
measurements are not available.
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